Optimization and Decision Making 2018 Examination: Solutions
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a) If S0 w; < 1 then the remaining 1 — > ; w; is invested in the risk free asset.
If Y%  w; > 1 then this value is negative, corresponding to an extra 3 ey Wy — 1
borrowed at interest rate pg.

b) We wish to minimise

1 n
éf(wl, ey W) = Z W;W;0;5,

1,j=1

subject to
n n
g(wi, ..., wp) = Zwiui + po(1 — Zwi) — pp+ =0,
i=1 i=1
where pp, is the target rate of return, including investment in the risk free asset.

We thus consider the Lagrangian
L('LUl, e ,'U)n|>\1, )\2) = f(wl, T ,’an) - /\g(wl, & ,wn),

and differentiate with respect to ws,...,w, and A.

For n = 2 we have

oL
dw, = w05 + w012 — A1 — po) =0, (1)
oL
Tun = w0y + w1012 — Az — po) =0,  (2)
oL
oy = Wik — Wakz — po(1—wy —wy) +ppy =0. (3)

Thus we have the three equations as required.

c¢) We thus have two equations in two unknowns. For the values given we have:
0.2w; + 0.05wqe — 0.08A =0 = 4w; + ws — 1.6A= 0, (4)

0.05ws 4+ 0.05w; — 0.04\ =0 = w; + wa, —0.8X =0, (5)

—0.1w; — 0.06wy — 0.02(1 — wy; — ws) +0.08 =0 = —8w; — 4w, +6 =0 (6)
Taking 2 multiplied by (5) from (4) gives 2w; — wp = 0. This in turn substituted
into (6) gives —16w; +6 = 0 = w; = 3/8 and so wy = 3/4. We thus borrow
3/8 +3/4—1=1/8 from the bank.

Alternatively we can start with the following, and then solve: equation (3) rearranges
to

wy(po — p1) + wa(po — t2) = po — Kpt-
1
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Taking (11 — po) times Equation (2) from (uy — po) times Equation (1) gives

wi{(p2 = po)os — (k1 — po)ois)]+

wa(p2 — po)oiz — (1 — ,00)022] =,

d) In this case, we still have to find the solutions to equations (4-6). Cahnging the
target does not affect equations (4) and (5) at all, and consequently these still lead
to wy = 2w;. This can then be substituted into equation (6), which will then give a
different value for w; as a result. A higher target rate of return would increase how
much was borrowed from the bank, and a lower target would reduce it (to the point
where some money is deposited in the bank). The relative size of the investments
in assets 1 and 2, though, will remain constant at 1 : 2.

2
a) Minimise 1511311 + 933'12 + 6:1313 -+ 81’14 + 91721 + 113322 + 8:2323 + 1351724 %+ 511231 = 175[)32 +
13.’1333 + 161‘34

subject to

ZT11 + T12 + Z13 + 214 < 40,

To1 + Tz + Ta3 + To4 < 60,

Z31 + T3z + Z33 + w34 < 100,

Z11 + To21 + z31 2> 30,

Z12 + Taa + T3z > 50,

Z13 + T23 + 33 > 50,

Z14 + Tag + T34 2> 60,

Tij > 0.

b) To deal with the difference between the total supply and the total demand, we
create a dummy supermarket with demand of 10 (the value of supply minus demand)
where all of the transportation costs are 0.

[t 2 [38 [4 [5 |
A5 |9 6 g |0 10
BI[9 [T |8 |13 o 60
Cl5 [ir [138 |16 [0 100

| 30] 50 50] 60] 10]



c) Using the least cost algorithm we get the following allocation

|+ [2 [3 |4 [5 |
Al15 9 6 8 0 40
40
B9 11 8 13 0 100
50 |10
A g 17 13 16 0 60
30 0 60 |10
I 30] 50| 50] 60] 10]

Setting us = 0 we get v; = 5,vy = 17,v4 = 16,v5 = 0,uy = 6,v3 = 14,u; = 8.
This is not optimal since v3 — u3 = 14 > 13. Thus we add to this square (0 is the
maximum!), and adjust the three included squares that form a square with it, to
give the following allocation

|t 12 |3 |4 ][5 |
Al 15 9 6 8 0 40
40
B[ 9 11 8 13 0 100
50 |10
cls 17 13 16 0 60
30 0 60 |10
[ 30| 50] 50| 60] 10]

We now get u; = 7,us = 5,u3 = 0,v; = 5,vy = 16,v3 = 13,v4 = 16,v5 = 0.
This is not optimal since vy — u; = 9 > 8. Thus we add to this square (40 is the
maximum!), and adjust the three included squares that form a square with it, to
give the following allocation

|+ 12 [3 [4 |5 |

Al 15 9 6 8 0 40
40
B[ 9 11 8 13 0 100
50 |10
A 17 13 16 0 60
30 40 |20 |10
I~ 30] 50| 50] 60] 10]

Uy = 7,us = 5,u3 = 0,v; = 5, vy = 16,v3 = 13,v4 = 16, v5 = 0, which comparing to
the vacant squares gives an optimal allocation, with cost 1940.
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b) If planning permission is obtained and they choose a Luxury development, they
gain 8x0.454+1x0.55 = 4.15 million pounds. Similarly with a Standard development
they gain 5 x 0.45 + 3 x 0.55 = 3.9. Thus Luxury is best, assuming planning
permission is obtained. If the investment is made the expected profit is thus 0.6 x
4.154 0.4 x =3 = 1.29 > 0. Thus the company should invest, and go for Luxury
development if planning permission is obtained.

c) Denote the probability of strong demand by p. Then if planning permission is
obtained and they choose a Luxury development, they gain 8 X p+1 x (1—p)=1+T7p
million pounds. Similarly with a Standard development they gain 5x p+3 x (1—p) =
3 + 2p. Thus Luxury is best if 1+ 7p > 3+ 2p = p > 0.4, assuming planning
permission is obtained. If the investment is made the expected profit is thus 0.6x
max(1 + 7p,3 + 2p) + 0.4 x —3 =max(0.42p — 0.6,1.2p + 0.6). This maximum is
clearly greater than 0, since one of its two terms is greater than 0. Thus the company
should invest, and go for Luxury (Standard) development if p > 0.4 (p < 0.4) and
planning permission is obtained.

d) Now the probability of planning permission being granted and strong demand
occurring is 0.45 x 0.7 = 0.315, and the probability of permission being granted
and weak demand occurring is 0.55 x 0.4 = 0.22. The probability of permission
not being granted is thus 1 — 0.315 — 0.22 = 0.465. Thus if investment and Luxury
development is chosen the expected profit is 8 x 0.315 + 1 x 0.22 — 3 x 0.465 =
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1.345 and if investment and Standard development is chosen the expected profit
is 5 x 0.3154+ 3 x 0.22 — 3 x 0.465 = 0.84. 1.345 is larger than 0.84 and 0, thus
investment and Luxury development should be chosen.

e) We simply replace the monetary returns by their utilities in the above calculations.
Thus if planning permission is obtained the expected utility for Luxury is 1 x 0.45+
0.5 x 0.55 = 0.725 and for Standard is 0.9 x 0.45 4+ 0.75 x 0.55 = 0.8175. Thus
Standard development is now the best policy. If investment is made the expected
utility is 0.6 x 0.8175 4+ 0.4 x 0 = 0.4905 > 0.4 which is the utility of 0. Thus the
company should invest, and go for Standard development if planning permission is
obtained.

4

a) Maximise 100z, + 240z5 + 300z3 + 400z,
subject to 24z, + 40x5 + 30z3 + 60z, < 2400,
21131 + 5152 + 10%3 + 10.’134 S 500,

T1,T2,T3,Tq4 = 0.

I i) T3 Ty
b) 1| 24 40 30 60 |2400

v»| 2 5 10 10 | 500
-100 -240 -300 -400| O

Ty n z3 T4
22| 0.6 0.025 0.75 1.5 60
y2 | -1 -0.125 6.25 2.5 200
44 6 -120 -40 | 14400

_)

T 1 Y2 L4
T -0.12 36
z3|-0.16 -0.02 0.16 0.4 32
248 3.6 19.2 8 |18240

Thus the optimal solution is zo = 36 Necklaces and z3 = 32 Bracelets with profit
£18240.

¢) We now require in addition the condition z; 4+ z2 + 3 + 24 < 65, which leads to

Iy ) T3 T4
1| 24 40 30 60 | 2400
Yo | 2 5 10 10 | 500
ys] 1 1 1 1|65
-100 -240 -300 -400| O
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It is now logical to choose the final column, as this extra severe restriction is likely
to favour the increase of the most profitasble items. This gives

Z1 T2 T3 n
24104 2/3 0.5 1/60 40

Y21 -2 -5/3 5 -1/6 100 —
y3s |06 1/3 0.5 -1/60 25

60 80/3 -100 20/3 | 16000

T T2 Y2 hn
2406 5/6 -0.1 1/30 30

z3 | -0.4 —1/3 1/5 -1/30 20 —
ys | 0.8 0.5 -0.1 0 15

20 -20/3 20 10/3 | 18000

Z1 Y3 Yo Y1
Ty -5/3 5
s 2/3 30
Ty | 1.6 2  -02 0 30
92/3 40/3 56/3 10/3 | 18200

Thus the new optimal solution is 3 = 30 Necklaces, z3 = 30 Bracelets and z, = 5
Figurines with profit £18200.



